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Abstract. We consider a stationary and ergodic random field {co(b) : b £ E<j} param- 
eterized by the family of bonds in Z d , d ^ 2. The random variable u(b) is thought of 
as the conductance of bond b and it ranges in a finite interval [0, Co]. Assuming that 
the set of bonds with positive conductance has a unique infinite cluster C(ui), we prove 
homogenization results for the random walk among random conductances on C(w). As 
a byproduct, applying the general criterion of [F] leading to the hydrodynamic limit of 
exclusion processes with bond-dependent transition rates, for almost all realizations of 
the environment we prove the hydrodynamic limit of simple exclusion processes among 
random conductances on C(u>). The hydrodynamic equation is given by a heat equation 
whose diffusion matrix does not depend on the environment. We do not require any 
ellipticity condition. As special case, C(u>) can be the infinite cluster of supercritical 
Bernoulli bond percolation. 

Key words: disordered system, bond percolation, random walk in random environment, 

exclusion process, homogenization. 

AMS 2000 subject classification: 60K35, 60J27, 82C44. 

1. Introduction 

We consider a stationary and ergodic random field to = (uj(b) : b £ E^), parameterized 
by the set E^ of non-oriented bonds in Z d , d ^ 2, such that uj{b) € [0,co] for some 
fixed positive constant cq. We call ui the conductance field and we interpret iv(b) as the 
conductance at bond b. We assume that the network of bonds b with positive conductance 
has a.s. a unique infinite cluster C, and call £ the associated bonds. Finally, we consider 
the exclusion process on the graph (C, £) with generator L defined on local functions / as 

L/fa) = J>(&)(/(fj 6 ) - f( V )) , rj £ {0, 1} C , 

where the configuration rj b is obtained from r\ by exchanging the values of rj x and r] y , if 
b = {x,y}. If (to(b) : b £ £ ) is a family of i.i.d. random variables such that u>(b) is positive 
with probability p larger than the critical threshold p c for Bernoulli bond percolation, 
then the above process is an exclusion process among positive random conductances on 
the supercritical percolation cluster. If p = 1, then the model reduces to the exclusion 
process among positive random conductances on Z d . 

Due to the disorder, the above model is an example of non-gradient exclusion process, 
in the sense that the transition rates cannot be written as gradient of some local function 
on {0, 1} C [KL] (with exception of the case of constant conductances). Despite this fact, 
the hydrodynamic limit of the exclusion process can be proven without using the very 
sophisticated techniques developed for non-gradient systems (cf. [KL] and references 
therein), which in addition would require non trivial spectral gap estimates that fail in the 
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case of conductances non bounded from below by a positive constant (cf. Section 1.5 in 
[M]). The strong simplification comes from the fact that, since the transition rates depend 
only on the bonds but not on the particle configuration, the function \jq x , where rj x is the 
occupancy number at site x G C, is a linear combinations of occupancy numbers. Due 
to this degree conservation the analysis of the limiting behavior of the random empirical 
measure 7r(ry) = YlxeC Vx^x is strongly simplified w.r.t. disordered models with transition 
rates depending both on the disorder and on the particle configuration |Q1], [FM] . [Q2|. 
Moreover, the function L,rj x can be written as (Cn) x , where C is the generator of the 
random walk on C of a single particle among the random conductances oj(b) and n G 
{0, 1} C is thought of as an observable on the state space C of the random walk. This 
observation allows to derive the hydrodynamic limit of the exclusion process on C from 
homogenization results for the random walk on C. This reduction has been performed in 
[N] for the exclusion process on Z with bond-dependent conductances, the method has 
been improved and extended to the ci-dimensional case in jFj. The arguments followed in 
[F] are very general and can be applied also to exclusion processes with bond-dependent 
transition rates on general (non-oriented) graphs, even with non diffusive behavior (see 
[FJLj for an example of application). The reduction to a homogenization problem can 
be performed also by means of the method of corrected empirical measure, developed in 
[JLj and [Jj. In |JL| the authors consider exclusion processes on Z with bond-dependent 
rates, while in [J] the author proves the hydrodynamic limit for exclusion processes with 
bond-dependent rates on triangulated domains and on the Sierpinski gasket. Moreover, 
in [J] the author reobtains the hydrodynamic limit of the exclusion process on Z rf among 
conductances bounded from above and from below by positive constants. Note that this 
last result follows at once by applying the standard non-gradient methods (in this case, 
their application becomes trivial) or the discussion given in [F] [Section 4]. Moreover, it is 
reobtained in the present paper by taking (ojb '■ b E E<j) as independent strictly positive 
random variables. 

By the above methods [Nj, [F], | JLj . [J], the proof of the hydrodynamic limit of exclusion 
processes on graphs with bond-dependent rates reduces to a homogenization problem. 
In our contest, we solve this problem by means of the notion of two-scale convergence, 
which is particularly fruitful when dealing with homogenization problems on singular 
structures. The notion of two-scale convergence was introduced by G. Nguetseng l\uj 
and developed by G. Allaire [A]. In particular, our proof is inspired by the method 
developed in |ZPj for differential operators on singular structures. Due to the ergodicity 
and the Z rf -translation invariance of the conductance field, the arguments of [ZPJ can 
be simplified: for example, as already noted in [MP], one can avoid the introduction of 
the Palm distribution. Moreover, despite |ZP] and previous results of homogenization of 
random walks in random environment (sec [Ko], |Kuj . |PR] for example), in the present 
setting we are able to avoid ellipticity assumptions. 

We point out that recently the quenched central limit theorem for the random walk 
among constant conductances on the supercritical percolation cluster has been proven in 
[BBJ and |MPj . and previously for dimension d ^ 4 in [SSJ. Afterwards, this result has 
been extended to the case of i.i.d. positive bounded conductances on the supercritical 
percolation cluster in [BP] and [Mj. Their proofs are very robust and use sophisticated 
techniques and estimates (as heat kernel estimates, isoperimetric estimates, non trivial 
percolation results, ...), previously obtained in other papers. In the case of i.i.d. positive 
bounded conductances on the supercritical percolation cluster, we did not try to derive our 



RANDOM WALKS, EXCLUSION PROCESSES ON RANDOM INFINITE CLUSTERS 



3 



homogenization results from the above quenched CLTs (this route would anyway require 
some technical work) . Usually, the proof of the quenched CLT is based on homogenization 
ideas and not viceversa. And in fact, our proof of homogenization is much simpler than 
the above proofs of the quenched CLT. Hence, the strategy we have followed has the 
advantage to be self-contained, simple and to give a genuine homogenization result without 
ellipticity assumptions. This would have not been achieved choosing the above alternative 
route. In addition, our results cover more general random conductance fields, possibly 
with correlations, for which a proof of the quenched CLT for the associated random walk 
is still lacking. 

The paper is organized as follows: In Section[2]we give a more detailed description of the 
exclusion process and the random walk among random conductances on the infinite cluster 
C. In addition, we state our main results concerning the hydrodynamic behavior of the 
exclusion process (Theorem 12. 2p and the homogenization of the random walk (Theorem 
12.41 and Corollary 12. 5|) . In Section [3] we show how to apply the results of [F] in order to 
derive Theorem 12.21 from Corollary 12.51 while the remaining sections are focused on the 
homogenization problem. In particular, the proof of Theorem 12.41 is given in Section O 
while the proof of Corollary 12.51 is given in Section Finally, in the Appendix we prove 
Lemma |2. 11 assuring that the class of random conductance fields satisfying our technical 
assumptions is large. 

2. Models and results 

2.1. The environment. The environment modeling the disordered medium is given by 
a stationary and ergodic random field to = (u>(b) : b G E^), parameterized by the set E^ 
of non-oriented bonds in d ^ 2. Stationarity and ergodicity refer to the natural action 
of the group of Z rf -translations. u> and co(b) are thought of as the conductance field and 
the conductance at bond b, respectively. We call Q the law of the field u> and we assume 
that 

(HI) u(b) G [0, c ] , Q-a.s. 

for some fixed positive constant cq. Hence, without loss of generality, we can suppose that 
Q is a probability measure on the product space Q := [0,co] Ed . Moreover, in order to 
simplify the notation, we write Lo(x,y) for the conductance uj(b) if b = {x,y}. Note that 
u(x,y) = uj(y,x). 

Consider the random graph G(u>) = (V(ui), E(lu)) with vertex set V(lu) and bond set 
E(lo) defined as 

E{u) := {b£K d : u(b) > 0} , 

V(uS) := [x G 7L d : x G b for some b G E(lu)}. 

Due to ergodicity, the translation invariant Borel subset 0,q C Q given by the configurations 
to for which the graph G(uj) has a unique infinite connected component (cluster) C(uj) C 
V(co) has Q-probability or 1. We assume that 

(H2) Q(J2 ) = 1. 

Below, we denote by S{u) the bonds in E(uj) connecting points of C(uj) and we will often 
understand the fact that uj G ^o- 
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Define B(Tl) as the family of bounded Borel functions on Q and let T> be the d x d 
symmetric matrix characterized by the variational formula 

(a, Va) = - inf J V / w (0, e)(a e + V(^) - 4>{u)) 2 \ eeCH Q(du) \ , Va G R rf , 

(2.1) 

where £>* denotes the canonical basis of Z, d , 

m:=Q(0 6C(w)) (2.2) 

and the translated environment r e uj is defined as T e u(x, y) = u(x + e,y + e) for all bonds 
{x, y} in Erf. In general, Ia denotes the characteristic function of A. Our last assumption 
on Q is that the matrix T> is strictly positive: 

(H3) (o,2?o)>0, Va£R d :a^0. 

In conclusion, our hypotheses on the random field u are given by stationarity, ergodicity, 
(H1),(H2) and (H3). The lemma below shows that they are fulfilled by a large class of 
random fields. In order to state it, given c > we define the random field cD c = (uJ c (b) : 
b G E d ) as 

/ 1 \ 1 if oj(b) > c , , . 

u c (b) = < w ' (2.3) 

I otherwise . 

For c = we simply set u> := ujq. 

Lemma 2.1. Hypotheses (H2) and (H3) are satisfied if there exists a positive constant 
c such that the random field lo c stochastically dominates a supercritical Bernoulli bond 
percolation. In particular, if Co itself is a supercritical Bernoulli bond percolation, then 
(H2) and (H3) are verified. 

If the field u is reflection invariant or isotropic (invariant w.r.t. Z rf rotations by tt/2), 
then T> is a diagonal matrix. In the isotropic case T> is a multiple of the identity. In 
particular, if to is given by i.i.d. random conductances uj(b), then T> is a multiple of the 
identity. 

We postpone the proof of the above Lemma to the Appendix. 

2.2. The exclusion process on the infinite cluster C(lo). Given a realization u of 
the environment, we consider the exclusion process r](t) on the graph Q{oj) = (C(lu), £ (a;)) 
with exchange rate uj(b) at bond b. This is the Markov process with paths r](t) in the 
Skohorod space -D([0, oo), {0, 1} C ( W )) (cf. [B]) whose Markov generator IL^ acts on local 
functions as _ 

= E E x + e ) (f(v x ' x+e ) - m) , (2-4) 

eeB t x£C(uj): 

where in general 

rj y , if z = x , 
Vz ,y =lr] x , iiz = y, 

r) z , if z^x,y. 

We recall that a function / is called local if f(r]) depends only on r\ x for a finite number 
of sites x. By standard methods [L] one can prove that the above exclusion process rj(t) 
is well defined. 
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Every configuration rj in the state space {0, 1} C ( W ) corresponds to a system of particles 
on C(u) if one considers a site x occupied by a particle if rj x = 1 and vacant if rj x = 0. 
Then the exclusion process is given by a stochastic dynamics where particles can lie only 
on sites x S C(uj) and can jump from the original site x to the vacant site y E C(uj) 
only if the bond {x, y} has positive conductance, i.e. x and y are connected by a bond 
in Q{oj). Roughly speaking, the dynamics can be described as follows: To each bond 
b = {x,y} € S(u}) associate an exponential alarm clock with mean waiting time l/u>(b). 
When the clock rings, the particle configurations at sites x and y are exchanged and the 
alarm clock restarts afresh. By Harris' percolation argument [D] . this construction can be 
suitably formalized. Finally, we point out that the only interaction between particles is 
given by site exclusion. 

We can finally describe the hydrodynamic limit of the above exclusion process among 
random conductances co(b) on the infinite cluster C(u). If the initial distribution is given 
by the probability measure p on {0, 1} C ^\ we denote by P W(jU the law of the resulting 
exclusion process. 

Theorem 2.2. For Q almost all environments ui the following holds. Let po : R rf — > [0, 1] 
be a B orel function and let {p e }e>0 be a family of probability measures on {0,1}^) such 
that, for all 5 > and all real functions tp on R d with compact support (shortly ip G 
C c (R d )), it holds 

lim/i e ( \e d y p{ex)rj x - / (p(x)p (x)dx ><5)=0. (2.5) 
Then, for allt>0, tp £ C c (R d ) and 5 > 0, 

- E 



limP w . M£ 
40 



e d 2^ p(ex)i] x (e~ 2 t) - \ <p(x)p(x,t)dx >ff)=0, (2.6) 



where p : M. d x [0, oo) — > R solves the heat equation 



d 

d t p = V- (VVp) = 'DiA^P (2-7) 

with boundary condition po at t = and where the symmetric matrix V is variationally 
characterized by \2. 



If a density profile po can be approximated by a family of probability measures fj, E on 
{0, 1} C H (in the sense that (f2~5|) holds for each 5 > and p G C c (R d )), then it must 
be ^ po ^ m a.s. On the other hand, if po : R d — > [0, m] is a Riemann integrable 
function, then it is simple to exhibit for Q-a.a. to a family of probability measures p e on 
{0, l}''^) approximating pq. To this aim we observe that, due to the ergodicity of Q and 
by separability arguments, for Q a. a. uj it holds 

\\me d \^ ip(ex)=m / p(x)dx , (2-8) 

for each Riemann integrable function tp : R d — > R with compact support. Fix such 
an environment uj. Then, it is enough to define p e as the unique product probability 
measure on {0, l} c ^- ) such that PeiVx = 1) = Po(^x)/m for each x S C(lo). Since the 
random variable e d Ylx^c(w) ^( ex ) Vx is the sum of independent random variables, it is 
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simple to verify that its mean equals £ d X^eC(u>) ^{sx) pq{ex) / m and its variance equals 
£2d ^2xgC(lj) {^x)[po{ex) / m][l — po(£x)/m]. The thesis then follows by means of (|2.8|) 
and the Chebyshev inequality. 

The proof of Theorem 12.21 is given in Section [3j As already mentioned, it is based on the 
general criterion for the hydrodynamic limit of exclusion processes with bond-dependent 
transition rates, obtained in [F] by generalizing an argument of [Nj, and homogenization 
results for the random walk on C(u) with jump rates uj(b), b G £ (co), described below. 

2.3. The random walk among random conductances on the infinite cluster C{u). 
Given u G f2 we denote by Xu(t\x) the continuous-time random walk on C{uS) starting at 
x G C(uj), whose Markov generator C u acts on bounded functions g : C{oo) —* M as 

C u g(x) = u(x,y)(g(y) - g(x)) , x G C(u) . (2.9) 

\x-y\=l 

The dynamics can be described as follows. After arriving at site z G C(uj), the particle 
waits an exponential time of parameter 

y.yeC(u) 
\z-y\=l 

and then jumps to a site y G C(u>), \z — y\ = 1, with probability u(z, y)/X UJ (z). Since 
the jump rates are symmetric, the counting measure on C{oj) is reversible for the random 
walk. 

In what follows, given e > we will consider the rescaled random walk 

X £t0J (t\x) = eX^e^t^x) (2.10) 
with starting point x G eC{uj). We denote by p^ the reversible rescaled counting measure 

xec(uj) 

and write £^ for the symmetric operator on L 2 (/x^) defined as 

Cl ) g{ex) = e- 2 ^ u{x,y) (g(ey) - g(ex)) , x G C(w) . (2.11) 

y:yeC(u>) 
\x-y\=l 

Due to (|2.8p . for almost all u G O the measure p^ converges vaguely to the measure 
mdx, where the positive constant m is defined in (|2.2p . In what follows, || • and (•, 
will denote the norm and the inner product in L 2 (p^j), respectively. We recall a standard 
definition in homogenization theory (cf. [Z], |ZPj and reference therein): 

Definition 1. Fix uj G Slo • Given a family of functions f% G L 2 (p e u ) parameterized by 
e > and a function f G L 2 (mdx), f% weakly converges to f (shortly, f% f) if 

supine <oo, (2.12) 

£ 

and 

lip / fw(x)f(x)p e w (dx) = f(x)(p(x)mdx (2.13) 

eiO J R d J R d 
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for all functions tp G C£°(M. d ), while f^ strongly converges to f (shortly, f% — > f) if \2.12^ 
holds and if 



f*(x)<p%x) t j, £ Jdx) = f(x)ip(x)mdx, (2.14) 
for every family pf G L 2 (//5) weakly converging to ip G I?{mdx). 



lim 

£ l° Jm. d 



The strong convergence f^—^f admits the following characterization (cf. [Zj [Proposition 
1.1] and references therein): 

Lemma 2.3. Fix to G £1 and functions f £ G L 2 (/i £ ), / G I?(radx), where e > 0. Then the 
strong convergence f^^fis equivalent to the weak convergence f^—^f plus the relation 

lim / fl{x) 2 ^(dx) = m [ f(x) 2 dx. (2.15) 

We need now to isolate a Borel subset 0* C of regular environments. To this aim we 
first define Qi as the set of u> G fio (recall the definition of f2o given before (H2)) such that 

Kmtf J (A e )=m(2£) d , A, :=H,£] d , (2.16) 
e|0 



lim / (p(z)u(T z / e u})fj,l,(dz) = / / u(u')/j,(dw') , (2.17) 

ej.0 J R d 



for all £ > 0, ip G C C (R ), u G C(f2). From the the ergodicity of Q and the separability of 
C c (R d ) and C(f2), it is simple to derive that Q(f^i) = 1. The set of regular environments 
SI* will be defined in Section U after Lemma 14.41 since its definition requires the concept 
of solenoidal forms. We only mention here that f2* C J7i and Q(f2*) = 1. 

We can finally state our main homogenization result, similar to |ZPj [Theorem 6.1]: 

Theorem 2.4. Fix w E Let f £ be a family of functions with f £ G L 2 (/u^) and let 
f G L 2 (mdx). Given A > 0, define G L 2 (/u^), u° G L 2 (mdx) as the solutions of the 
following equations in L 2 (/u £ ) ; L 2 {mdx) respectively: 

Xu £ u) -C £ LU u £ LU = f^ (2.18) 

An - V • (VVu°) = f , (2.19) 

where the symmetric matrix V is variationally characterized in \2.1\) . 

(i) If — /, then it holds 

L 2 {hQ 3u E w -^u° G L 2 (mdx) , VA > . (2.20) 

(ii) If fu — > /j i/ien ?t holds 

L 2 {hQ 3t4^u°6 L 2 (mdx) , VA > . (2.21) 
(raj For eac/i ies£ function f G C c (M rf ) and setting f^:=f,it holds 



lim/ |<Xx) -ii°(x)| 2 /4(dx) = 0, VA > . (2.22) 

The proof of Theorem 12.41 will be given in Section [6l We state here an important 
corollary of the above result: Set Pf^ = e i£ -, P t = e tv < vv -\ Note that (Ff )0J : t ^ 0) is 
the L 2 (/4)-Markov semigroup associated to the random walk X eu (t\x), i.e. 

P^gix) = E[g(X £>U) (t\x))} , x G eC(cu) ,g G L 2 (fi^) , (2.23) 
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while Pt is the L 2 (mdx)-Markov semigroup associated to the diffusion with generator 

As proven in Section [7] it holds: 
Corollary 2.5. For each U) G O*, given any function f G C c (M. d ), it holds 

lim/ \PU(x)-P t f(x)\ 2 ^(dx)=0. (2.24) 

In particular, for each ui £ Q*, given any function f G C c (R d ), it holds 

lim / - P t f{x)\^(dx) = 0. (2.25) 

eiO J R d 

3. Proof of Theorem 12.21 

As already mentioned, having the homogenization result given by Corollary 12.51 The- 
orem 12.21 follows easily from the criterion of [F] for the hydrodynamic limit of exclusion 
processes with bond-dependent rates. The method discussed in [F] is an improvement of 
the one developed in [N] for the analysis of bulk diffusion of Id exclusion processes with 
bond-dependent rates. Although in [F] we have discussed the criterion with reference to 
exclusion processes on Z d , as the reader can check the method is very general and can 
be applied to exclusion processes on general graphs with bond-dependent rates, also un- 
der non diffusive space-time rescaling and also when the hydrodynamic behavior is not 
described by heat equations (cf. |FJLj for an example). 

The following proposition is the main technical tool in order to reduce the proof of the 
hydrodynamic limit to a problem of homogenization for the random walk performed by a 
single particle (in absence of other particles). Recall the definition (|2.23|) of the semigroup 
Ff u associated to the rescaled random walk X £ ^ defined in (|2.1U|) . 



Proposition 3.1. For Q-a.a. u> the following holds. Fix 5, t > 0, tp S C C (R ) and let [i e 
be a family of probability measures on {O,!} ^. Then 

hmP^ £ \e d ]T tpiex^E-H) - e d ]T ^(0)i^ wV (ex)| >S J =0. (3.1) 

Proof. One can prove the above proposition by the same arguments used in |F] [Section 3] 
or one can directly invoke the discussion of [F] [Section 4] referred to exclusion processes 
on % d with non negative transition rates, bounded from above. In fact, to the probability 
measure /i e on {0, 1} C ( W ) one can associate the probability measure v £ on {0, 1} Z so 
characterized: v e is concentrated on the event 

Ao ■= {v G {0, if" : Vx = if x $ C{uj)] , 

and 

u £ {n x = 1 \/x 6 A) = He(vx = 1 Va; 6 A) , VA C C{u) . 
Given n{t) G {0, 1} C ^\ define a{t) G {0, l} zd as 



rj x (t) if x eC(oj); 
otherwise . 
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Note that, if r)(t) has law P», then a(t) is the exclusion process on Z rf with initial dis- 
tribution v £ and generator / — ► YlbeE d u 'Q ) ){f( ab ) ~~ f( a ))- I n particular, Proposition 13.11 
coincides with the limit (B.2) in [F] [Section 4]. □ 

We can now complete the proof of Theorem 12 .21 First we observe that whenever (|2.5j) is 
satisfied for functions of compact support, then it is satisfied also for functions that vanish 
fast at infinity. Indeed, for our purposes it is enough to show that the limit 



lim^ £ ( \e d y~] f(ex)r] x - / f(x)p (x)da 



is valid for all functions / G C(M. d ) such that 



> 5 







1 + bl^ 1 



Vx G 



(3.2) 



(3.3) 



For such a function /, given I > we can find gi G C C (R ) such that ge(x) = /(x) for all 
ieR d with |z| < i and |^(x)| < j^p+T, for all x G R d . Then 



f(x)p (x)dx - / ge(x)p (x)dx 



£ T 



2c 



xGZ d : |ex|>£ 



{xSR d : |as|>^} 



2c 



(3.4) 



1 + |x 



dx < c{t) , (3.5) 



for a suitable positive constant c(£) going to zero as i — > oo. Since <?£ G C c (R d ), by 
assumption (j2.5jl we obtain that 



lim// e ( e d V] 9i{ex)rj x - \ ge(x)p (x)da 



> 5 



0. 



(3.6) 



The above limit together with §33$ and (f375T) implies fl32]) for all functions / G C(R d ) 
satisfying (j3.3|) . 

In particular, (pOj) is valid for / = P t tp, where P t = e tv ^ vv ^ and 99 G C c (R d ). Indeed, 
in this case / decays exponentially. Due to this observation, Proposition 13.11 and the fact 
that 



P t ip(x)p (x)dx = / <p(x) P t p (x)dx 



ip(x)p(x, t)dx . 



in order to prove ()2.6f) it is enough to show that for Q-a.a. u it holds 



%^( £d | E VxPl^itx) - r] x P t ip(ex) 

x€C(ui) x£C{w) 



> 6 



(3.7) 



for any <p G C c (R d ) and 5 > 0. Since 

ed | E VxPlMex)- Y, rh>PMex)\^ f JP^Mx) - P t <p(x)\p £ Jdx) , 

(I3.7p follows from (12.250 of Corollary 12.51 This concludes the proof of Theorem 
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4. Square integrable forms 

We now focus our attention on the proof of homogenization for the random walk on 
the infinite cluster. To this aim, in this section we introduce the Hilbert space of square 
integrable forms and show how the variational formula (12, ID can be interpreted in terms 
of suitable orthogonal projections inside this Hilbert space. 

Let ,M(R d ) be the family of Borel measures on R rf . Given x G Z rf , y G R rf , to G Q and 



v G M(R d ), t x lo G Q and T y v G M(R d ) are defined as 

T x w(b) = u(b + x) Vfe G E d , Tyu(A) = v{A + y) VA C R d , Borel set . 
Note that the family of random measures satisfies the identity 

t £X ^ = fi £ TxU1 , Vx£Z d . (4.1) 
Let \x be the measure on Q, absolutely continuous w.r.t. Q such that 

H(du) = heC^Qidto) (4.2) 

and define B as 

B := {e G Z d : \e\ = 1} = B* U (-£*) 

(£>* is the set of coordinate vectors in R d ). 

Given real functions u defined on f2 and v defined on !] x 6, we define the gradient 
V^u : $7 x B — > R and the divergence V^*-u : f2 — > R, respectively, as follows: 

V H n(w,e) = w(0,e) [«(r e w) - u(u)] , u : n -> R , (4.3) 

V( w) *u(w) = J^(0,e) e) — v(r e uj, — e)] , u : f2 x # — > R . (4.4) 

Moreover, we endow the space U x 6 with the Borel measure M defined by 



vdM = / a;(0, e)u(u;, e)n(dio) 



where v is any bounded Borel function on H x B. Note that if u G L p (fi) and u G L P (M) 
then V< w )« G L^(M) and V^>v G 

The space L 2 (M) is called the space of square integrable forms. Note that M gives zero 
measure to the set 

{(w,e) e!]x8 : {0,e} £(u>)} . 

Hence, given a square integrable form v G L 2 (M), we can always assume that t> (w, e) = 
whenever {0, e} £ (w). We define the space of potential forms L 2 t (M) and the space of 
solenoidal forms L 2 ol (M) as follows: 

Definition 2. TTie space L 2 t (M) is the closure in L 2 (M) of the set of gradients V^u 
of local functions u, while L 2 sol {M) is the orthogonal complement of L 2 ot (M) in L 2 (M). 

In Lemmata 14.11 I4T21 and FOl below we collect some identities relating V^, V^'* and 
the spatial gradient e , e G B, defined as follows. Given a function u : eC{uj) — > R, the 
gradient e u is the function V^, e u : eC(uj) — > R defined as 

u(x/e, x/e + e ^ u< y x+£e )~ u( ~ x ) if x, x + ee G eC(u) , 
otherwise . 



V^, e u(x) 
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It can be written as 

^t,M x ) = T x/eU(0,e)V £ e u(x) 

where the gradient V|u is defined as 

otherwise . 



V%u(x) 



Lemma 14. II explains why V^* is called divergence, or adjoint gradient: 
Lemma 4.1. Given functions u € L 2 (fi) and v G L 2 (M), it holds 

j\7 {w) udM = - [ (V {uj) *v)udfi. (4.5) 



UxB 



In particular, J^ xB vdM = for any v G L 2 ot (M), while a square integrable form v € 
L 2 (M) is solenoidal if and only if V^*v(u>) = for fx a.a. u>. 

Proof. By definition 

/ vV {uj) udM = y2 Kdu)uj(0,e)v(uj,e)(u(T e Lo) - u(w)) 

JUxB eeB n 

= — / (i>(du)(d(0, e)v(u), e)u(u>) + / fi(du>)uj(0, e)v(u, e)u(r e uj) . (4.6) 

Since 

fi(duj)uj(0,e) = Q(duj)I 0eC ^ w )Uj(0,e) = Q(duj)I eeC ^ w) uj(0, e) = Q(duj)I 0e c(r e w)Te^(0, -e), 
i>(u;,e) = i>(r_ e (T e u;), e) and Q(dw) = Q(dT e u;), we can conclude that 



fj,(du)u(0, e)v{uj,e)u{T e uj) = I Q(dT e u})I 0€C (r e ui) T e^(0, -e)v (r_ e (r e w), e)u(T e u) 

Jn 

^)Io e c(t.j) w (0) ~~ e)v(T- e uj, e)u{oj) = / //(du;)u;(0, — e)i;(T_ e u;, e)u(oj) . 



Hence the last sum in (14.611 can be rewritten as 



/ /x(dw)a;(0, e)v{u, e)u(r e u)) = / fi(du)ui(Q, e)v{r e u, — e)ti(u;) . 



eeB" 11 eeB 



The above identity and (|4.6[) allows to conclude the proof of (I4.5p . while the second part 
of the lemma follows easily from (|4.5p . □ 



We point out another integration by parts formula. 
Lemma 4.2. Let e <G B, u <E L 1 (//^); V> e S(Q) and define v : x 5 — > R as 

v(uj,e) := ip(u)6 e>e > . 

Then, 

^ e u(x)^(T x/£ u)^(dx) = -e- 1 [ u(x) (V^*v) (r x/e u)t&(dx) . (4.7) 
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Proof. By definition of v , we have 

X7^>v(u) = w(0, e)^(w) - w(0, -e)^(r_ e w) . (4.8) 
Moreover, since Hzec^)^- 2 , z + e ) = ^+eeC(o;) c, -'(- z ; z + e )i we can write 

u(z, z + e) (u(e2 + ee) — iP(t z lo) = 

zeC(ui) 

— u(ez) (u>(z, z + e)ip(T z u>) — u>(z, z — e)ip(T z -. e u>)) . (4.9) 

Identities (gjH|) and (fOj) allow to conclude the proof of (f4~7|) . □ 
Finally, we point out the simple identities 

V^, e (o(x)6(x)) = (V£, e a(z)) b(x + ee) + a(x) (V^ 6 6(x)) , (4.10) 
V e (a(x)6(x)) = (V|a(x)) 6(x + ee) + a(x) (V £ e b{x)) , (4.11) 

valid for all functions a, b : eC(u) — > R d . In what follows, (|4.10p and (|4.1ip will be 
frequently used without explicit mention. 

Lemma 4.3. Let u G L 2 (u). Suppose that for all functions if) G C(Q) and for all e G B it 
holds 

[ u(uj)V {w) *v{uj)fi(duj) = 0, e') := ^>(u;)<5 eje / . (4.12) 

Ju 

Then, u is constant fi-almost everywhere. 

Proof. Due to Lemma 14.1^ f° r functions ip G C(O) and for all e G B it holds 

0=/" (V (w, u)u(iM= / /i^MO.ej^M-^w))^). (4.13) 

Hence, 

I{0,e}6£(w) ( u ( r e w ) ~ n M) = > ( 4 - 14 ) 

Due the translation invariance of Q we conclude that 

l {x,x+e}e£{uj) {u{r x+e u) - u(t x u)) = , Mx G Z d , Q-a.s. (4.15) 

Since C(w) is connected, (|4.15|) is equivalent to say that for Q-a.a. uj there exists a constant 
a{oj) such that u(t x uj) = a(uj) for all x G C(w). Trivially, the function a(uj) is translation 
invariant. Hence, due to the ergodicity of Q we can conclude that a{u) is constant Q-a.s. 
Since a(u) = u{uj) if G C(u>), we conclude that is constant for /x-a.a. a;. □ 

We have now all the tools in order to define the set of regular environments . To this 
aim we first observe that L 2 ol is separable since it is a subset of the separable metric space 
L 2 (M). We fix once and for all a sequence {ipj}j ^ i dense in L 2 oV Since elements of L 2 {M) 
are equivalent if, as functions, they differ on a zero measure set, we fix a representative ipj 
and from now on we think of ipj as pointwise function ipj : Q x B — > R. Since ipj G L 2 (M) 
it must be 

V jte (u) := vM0 je )^-(-, e) G L 2 (fi) . (4.16) 
For each j ^ 1 and e G -B we fix a sequence of continuous functions /-^ G C(Q) such that 
/■^ converges to VlZ^e in L 2 (fi) as fc — > oo. We first make a simple observation: 
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Lemma 4.4. Given j 1, define the Borel set O* j as the set of configurations w £ Qo 
such that 

V^'^fv) = Vx G C(w) , (4.17) 
lim / (/jJ(r Ve w) - ^, e (r 2/ ^)) 2 ^(^) = (2n)i/f e } - ** e | (4.18) 

£ i'J J [—n,n] d 

for each e G B and k,n ^ 1. T/ien Q(fi^ j j) = 1. 

Proof. Let us define the set as 

Ae := {w G ft : V^Vj^u) ^ and x G C(u>)} , x £ Z d . 

Due to Lemma 14. 1\ Q(A)) = /i(A)) = 0. Since u> £ A x if and only if t x uj G A), by 
the translation invariance of Q we obtain that Q(Ae) = for all x G Hence, setting 
A = U xeZ dA x , it must be Q(A) = 0. Since Qq \ A coincides with the set of u G Clo 
satisfying (|4.17|) . we only need to prove that (|4.18|) is satisfied Q-a.s. for each k,n ^ 1 
and e G B. This is a direct consequence of the L 1 -ergodic theorem. □ 

Recall the definition of Q\ C Slo given before Theorem 12.41 We can finally define the 
Definition 3. We define the set 0* of regular environments as 

:= n 2 n (n^Lifi*^) c ft • 

We conclude this section by reformulating the variational characterization (|2.ip of the 
diffusion matrix P in terms of square integrable forms. To this aim, given a vector £ G M B * , 
we write for the square integrable form 

wt(uj,±e) := ±£ e , e£B„ w£!l. (4.19) 

Let vr : L 2 (M) -> L 2 ol (M) be the orthogonal projection of L 2 (M) onto L 2 ol (M) and let $ 
be the bilinear form on R B * x M s * defined as 

where (■, -)l 2 (m) denotes the inner product in L 2 (M). 

Since $ is bilinear and symmetric, there exists a symmetric matrix D indexed on B* x B* 
such that 

(C,D0 = (w<,7tw^ lHm) . (4.20) 
We give an integral representation of Dt; which will be useful in what follows. Since 

(*/,7n/) i2 ( M) = ^2 Ce / K duJ ) w(0,e)(vTO f )(w,e) - w(0, -e) (vn/) (w, -e) , (4.21) 
it must be 

(£>£) e = / n{du) L(0,e)(iru^)(w,e) -w(0, -e)(vnx; 5 )(w, -e)l . (4.22) 
Moreover, due to the definition of orthogonal projection, we get 



= (wt,TTw£) L 2, M) = \\7nv^\\ 2 L 2 (M) = inf 



|2 



2 (M) = ||7Tur | !i2(M) = mi ||«r- - V|| £2(M) 



inf ||^ - V^VllW) ■ 



(4.23) 
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By definition, 

\\ W S-VM?P\\l HM) = Y^ I M^V(0,e)[e e -^(0,e)(^(r e u;)-VH)] 2 

+ J2J K^(0,-e)K-^,-e)(M-^))] 2 

eeB * " 2 (4.24) 

= ^2 / M^V(0,e)(£ e - V>( T e^) +V>(^)) 2 

+ J2 KduMO,-e)(-£ e -iP(T_ e Lu) +ip{uj)) 2 . 



We can rewrite the last term in a more useful form. In fact, due to the translation 
invar iance of Q, we get 

u(du)uj(0, -e)(-£ e - V>( r -e^) + W)) 2 = 

/ Q(«ia;)Io ieg C(r_ e a;)T-eW(0,e)(-C e - 4>(T- e Uj) +lp(T e (T_ e Uj))) 2 = 

In 



: ^) II o, e eC( w ) w ( > e ) (Ce + - ip(r e uj)) = / (i(du)u)(0, e) (f e - ^(r e a;) + ^(w)) ' 
n Jn 

(4.25) 

Due to g23]), (gJH) and (g55D we conclude that 

(£,£>0= mf 2V / M^MO^j^-^M + ^M) 2 . (4.26) 

In particular, the matrix D is related to the matrix T> via the identity 

D = 2mV . (4.27) 

From the above observations and the non-degeneracy of T> given by hypothesis (H3) 
we get: 

Lemma 4.5. The vectorial space given by the vectors 

Hidhi) [u(Q, e)rp(u, e) - u(0, -e)ip(u}, -e)] ) , ip&L 2 sol , 

coincides with M B * . 

Proof. If the statement was not true, then there would exist £ € M B * \ {0} such that 
V / M<M [w(0, e)V(w, e) - o;(0, -e)i/>(u, -e)] =0, Vt/> G L s 2 ol . 

In particular, the above identity would hold with ip = -irw^. Due to H4.20n and (|4.2ip . this 
would imply that (£, D£) = 0, which is absurd due to hypothesis (H3). □ 



Finally, we conclude with a simple but crucial observation. Given £ € R e * , there exists 
unique form 
u>£ + v = irw^. 



a unique form v E L^ ot such that + v E Lg ol . In fact, these requirements imply that 
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5. Two-scale convergence 

In this section we analyze the weak two-scale convergence for our disordered model. We 
recall that f2* denotes the set of regular environments u defined in the previous section, 
and we recall that (•, -^e and || • \\^ denote respectively the inner product and the norm 
in L 2 (filj). In our context the two-scale convergence [ZP] [Section 5] can be defined as 
follows: 

Definition 4. Fix w G 0,. Let v £ be a family of functions parameterized by e > such 
that v e G L 2 (//^). Then the function v G L 2 (M. d x fl,dx x fi) is the weak two-scale limit of 

v £ as e \ (shortly, v £ — v) if the following two conditions are fulfilled: 

limsup H^ll^e < oo , (5-1) 

ej.0 

and 

lim / v e (x)(p(x)^[t x / e uj) ^(dx) = / dx v(x,uj')ip(x)ip(u')i2(duj') , (5-2) 



for all G C™(R d ) and ij> G C(0). 

Let us first collect some technical results concerning the weak two-scale convergence. 
For the next lemma, recall the definition of the function e G L 2 (fi) given in (|4.16[) , 

Lemma 5.1. Fix u> E ft* and suppose that L 2 (fi £ J ) =5 v £ — v G L 2 (M, d x Cl,dx x fi). Then, 
for each j ^ 1, e G B, G C(£l) and ip G C c (R d ), it holds 

lim / v £ (x)ip(x)^(T x/e uj)^> j AT x /e^)fJ' e u J (dx) = dx v(x,iv')ip(x)ip(uj')^ jte (uj')fi(duj f ) 

(5.3) 

Proof. Suppose that the support of tp is included in [— n, n] d . Recall the definition of the 

Ak) 

'j,e 



functions &} G C(fi) given in Section [U Then, by Schwarz inequality, we get 



IM|oo|M|oo||u%£,{ / (^> jje (T x/£ Uj) - f!j k e ] (T x/£ Uj)) 2 fl £ Jdx)} f . (5.4) 

J[-n,n] d ' J 

Since u G fi* C and since ffj k J — > ^j.e in L 2 (fi), we conclude that the upper limit 

2 

of the r.h.s. as e I and then A; | oo is zero. On the other hand, since v £ — 1 i> and 
/•^ — > ^j )e in L 2 (fx), we obtain that 

(*)/ 



lim lim / if(x)<p(x)i/)(T x i e w)nJ(T x /&)iil,(dx) 



lim / / v(x,uj')cp(x)ip(co')fjJ(co')fj,(dLo') 



dx / v(x,u>')(p(x)ip(ui')^j !e (uj')iJ,(doo'). (5.5) 
Jo, 

This allows to get (jO]) . □ 

By the same arguments leading to [iZP] [Lemma 5.1] and [Z][Prop. 2.2] one can easily 
prove the following result: 
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Lemma 5.2. Fixuj G f2*. Suppose that the family of functions v £ G L 2 (/i^) satisfies \5. 
Then from each sequence Ek converging to zero, one can extract a subsequence Ek n such 
that v e converges along £k n t° some v G L 2 (M, d x $7, dx x /j,) in the sense of weak two-scale 
convergence. 

We give the proof for the reader's convenience: 
Proof Given 99 G C~(R d ) and ip G C(fi), we can bound 



lim sup 

fc^oo 



( v ek {x)^{x)ip{T x / £k u:)^{dx] 

limsup||u e *|| * fc ( / Lp 2 {x)i?(T x / ek u)n e J{dx] 

k~*oo \JR d 



1/2 



(note that the first estimate follows from Schwarz inequality, while the second one follows 
from ([2~TTD and 057^ ). 

Using a standard diagonal argument and the separability of the space of test functions 
(p,i(>, we can conclude that there exists a subsequence {£k n }n ^ 1 along which the limit in 
the l.h.s. of (|5.2p exists and can be extended to a continuous linear functional on L 2 (M. d x 
Q,, dx x fi). Therefore, this limit can be written as the inner product in L 2 (M. d x Q, dx x fi) 
with a suitable function v. 

□ 



In what follows, we will apply the concept of weak two-scale convergence to the solution 
u tj £ ^ 2 (/ i 5) °f P-18j) and to its gradients, for a fixed sequence f^ f . To this aim we 
start with some simple observations. 

We note that, given u,v G L 2 (/u5), it holds 



-d-2 



u{z, z + e) [u(e;z + ee) — [t> (ez + ee) — 



z£C{uj) e€B 



= Y ^ ^o;(«,z+e)Vfti(ez)V|«(e2) = 5^ / nt,(dx)T x/e u(0, e)V £ e u(x)V £ e v{x) . 

zeC(uj) e£B eeB jRd 

(5.6) 

In particular, we can write 

«,,-£>*) M5 =\Y,I ^{dx)r x/£ ^e){Vlu%{x)f = 



eeB' 



iE||\/ r ^(MV^(*)|| 2 £ . (5.7) 



Moreover, taking the inner product of (I2.18P with u^, we obtain 
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Hence, since for any A > it holds that 



£>0 



e>0 



sup 

e>0,e£B 



^T x / £ u(Q,e)V%ul,{x) 



< OO . 



(5.8) 



Lemma 5.3. Fix oj £ $7*. The family u~ converges along a subsequence to a function 
u° € L 2 (M. d xQ,,dxx fj,) in the sense of weak two-scale convergence and u° does not depend 
on u, i.e. u° € L 2 (R d ,dx). 

Proof. Due to Lemma 15.21 the sequence u~, converges along a subsequence [ to a 
function u° E L 2 (M d x Q,,dx x jj) in the sense of weak two-scale convergence. In order 
to simplify the notation, we suppose that this convergence holds for e J, 0. We need to 
prove that u° does not depend on oj. To this aim, fix e 6 £>, </> G and a function 

V> G C(S7). We define ^(u^e') = ij)(ijj)8 efi i . Due to the definition of weak two-scale 
convergence, it holds 



lim / u%{x)^{x)V {ui) *v{T x / e uj)^%{dx) = / dx ^dw)u {x,uj)ip{x)V (ui) *v{uj) , (5.9) 

while due to Lemma 14.21 

/ ul{xMx)V^>v{r x/£ Cj)^{dx) = -e [ V« >e («|(x)^(x)) ^T x/e u)^ a (dx) . (5.10) 

The r.h.s. in (15.101) is bounded by 

e|MU / IV^eCtiKxM^Jl/iKdxXJi+Ja, (5.11) 

jR d 

where 

Ji = e||^IU / |V5, e «|(a;) • y(a; + ee)| n%(dx) , 



^2 = e|MU / \u%(x) • V* c p(z) /4(^) . 
By Schwarz inequality and (|5.7p we can bound 



/1 ^ el 



r x/e w(0,e) (V^|(x))VS(^) 



1/2 



1/2 



< ec(Vw)(uS,-£|i4)*f, 

r* (7) 



(5.12) 



for a suitable positive constant c(ip,(p) depending on ip and 99. Due to (|5.8j) . we obtain 
that Ji ^ c(ip,ip,Lu)e. 

Moreover, by Schwarz inequality we have 

h < s||^||oq||«||U ||v* ^1 



and again from (|5.8p we deduce that I2 ^ c(^», <yj, io)e. Hence the r.h.s. of (|5.10p is bounded 
by ce and due to (|5.9[) we get that 

dx / n(duj)u°(x,uj)ip(x)V {uj) *v(uj) = 0. 
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Since this holds for all ip G C™(R d ) we get that 

I ^{dLo)u°{x,uj)V {lJj) *v{uj) = 
Jn 

for Lebesgue a. a. x G R rf . Due to separability, we conclude that for Lebesgue a. a. x G R rf 
the above identity is valid for all v of the form v(uj,e') = ip(uj)5 ete ' , for some function 
ip G C(f2) and some e G B. By Lemma 14.31 we conclude that for these points x, the 
function u°(x, •) is constant //-almost everywhere. This concludes the proof. □ 

In what follows, u° will be as in Lemma [5.31 for a fixed u> G £7*. We will prove at the end 
that u° coincides with the solution of (|2.19p and in particular that u° does not depend on 
Co. 

Lemma 5.4. Fix u> G £1*. The function u° belongs to the Sobolev space 
Moreover, along a suitable subsequence and for all e G B it holds 

u%{x) A u °(x) , (5.13) 
^T x/E u(0,e)Vlu%{x) A We °(x,u;) (5.14) 

/or some v° G L 2 (R d x Q,dx x /^). 

Given x G R rf , consider the forms 6 X , T x in L 2 (M) defined as 

X : n x B B (w,e) -> v°(x,u})/y/w(0, e) el, (5.15) 
r i: OxB3(w,e)^ <9 e u°(x) G R d , (5.16) 

where d e u°(x) denotes a representative of the weak derivative in L 2 (dx) ofvP, along the 
direction e. Then, for Lebesgue a. a. x G R d , it holds 

6 x eL 2 ol (M), e x = 7rT x , (5.17) 

where it : L 2 (M) — > L 2 ol (M) is the orthogonal projection onto L 2 ol (M). 

Note that the form 9 X is well defined, since for M-a.a. (u>, e) it holds cj(0, e) > 0. 
Moreover, 6 X G L 2 (M) for Lebesgue a. a. x G R d . In fact, 

ll^|||2( M) / ^(do;)a;(0,e)6l a; (w,e) 2 = ^ / fj.(dw)v°{x, uj) 2 

and v° G L 2 (R d xQ,dx x (i). 

Proof. (15. 131) follows from Lemma 15.31 At cost to take a sub-subsequence, due to Lemma 
IO and ipTBjl . (|5TTlj) holds for all e G B. 

Let us prove that u° G -ff 1 (M d , dx). To this aim for each j ^ 1 we consider the function 
rpj : Q x B — » R introduced before Lemma 14.41 (we recall that ^ G L 2 ol (M)) and we take 
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a function ip G C^°(R d ). Then by (I4.10p we can write 
Y / ( V ^S( x )) v{ x )i>j{r x/e u;,e)n%{dx) = 



Y / (V^, e «|(a;)) y>(x + ee)V'i(r a ./ e £S,e)M|(da;) +o(l) 

eeB J ^ 

Y / V^ e («|(x)y>(x)) ^ j (T x/£ Q,e)fi%{dx)- 

eeB 

J] / ^IO)(V^(x)) ipj{T x/e u),e)nl[dx) +o(l). 
Due to Lemma 14^21 we can rewrite the first addendum in the r.h.s. as 



(5.18) 



Y / ^l, e {u%{x)ip{x))^j{T x / £ ij,e)ii%{dx) = 

- £_1 E/ ^(^^(V^O^/^eV^dx). (5.19) 
Since lie^C the r.h.s. is zero (see (I4.17P ). We conclude that 

Y / (yi,eU%{x)) ip(x)ijj j (T x/E u,e)n%(dx) = 

eeB J ^ 

~Y u H x ) d e^( x )^j{ r x/£^,e)T x / e Q(Q,e)fj,%(dx) +o(l) . (5.20) 



eeB' 



We now take the limit e j along the suitable subsequence of the above indentity. Since 

(5.21) 



V£,, e «£5(a0 = ^r x/e u{Q,e) \^Jt x/£ u>(0, e)V £ e u%(x) 
the above identity and Lemma 15.11 imply that 

YZ / / fj,(duj)y/u)(Q, e)v®(x, u)(p(x)ipj(u, e) = 



eeB 



Y] / dx u°(x)d e ip(x) / ^.(duj)'i(jj(uj, e)uj(0, e) = 

YZ / dxu°(x)d e ip(x) / n(duj) [if)j(u), e)u(Q, e) — ^-(o;, — e)u;(0, — e)] 



(5.22) 



eeB, 



Given ip G Lg cl , we define a(^) € M rf as 



a(ip) e = I fj,(du) [ifj(u, e)o;(0, e) — ^(w, — e)w(0, — e)] 



Due to Lemma 14. 5} {a(V0 : ^ € Lg ol (M)} = IR B *. On the other hand, since the map 
Lg , 9 ^ — > a(V') € K B * is continuous, we conclude that ^ 1 is dense in Due 

to (IQ2D . 

- ^ a(ipj) e I dx u° (x)d e (p(x) = Y / dx ip(x) f e (tpj , x) (5.23) 



eeB, 



eeB, 
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where 

fetyj, ■) = J ( N /w(0,e)«°(.,w)^ i (a;,e) + ^(0, -e)u° e (-,w)^(w, -e)) G L 2 (R d ) . 

(5.24) 

As consequence of the density of {a(ipj)}j ^ i in (|5.23p and (|5.24|) . it must be u° G 
fl' 1 (M d ,da;). 

Let us now prove (l5~TTD . Since u° G fl' 1 (R d , dec), we are allowed to rewrite the first 
identity in (|5.22p as 

V/ dx (p(x) I n{duj) (Vw(0, e)v°(x, u) - w(0, e)9 e u°(x)) Vi(">, e) = . (5.25) 
f^J^ d Jn ^ ' 

Then, by means of the arbitrariness of <£> and separability arguments, we get that for 
Lebesgue a. a. x G R d 

/ fi(dui) C\/uj(fi, e)v®(x, uj) — u>(0, e)d e u°(x) S j tpj(ui, e) = 

V / n(dw)u(0,e) ( V "^L -d e u\x)\ ^(u;,e) = 0, Vj > 1 
^s-/n \yw(0,e) / 

(with the notational convention, followed also below, that v^(x,lo)/^lo(0, e) := if 
w(0, e) = 0). Hence for Lebesgue a. a. x G M. d the form 

\M°' e ) 

belongs to £p 0t - Now fix ip G and a function ^ G C(Q). Note that, if t x / £ u(0, e) > 0, 
then 

eV e e if>(T x/e u>) = [V^V] (r x/fi w) , x G eC(w) . 
Therefore we can write 

eV^ (^(^(r^u))) = e (V^(ar)) V(r»/ e+e w) + </?(x) [V^V] (r x/e w) . 

Due to the above identity and (15. 6p . taking the inner product of (12.180 with £(p(x)tp(T x / £ Q), 
we obtain 

eA / u|(x)^(x)V'(r a ./ e tD)//5(da;)+ 

ll2 £ I { T x/e^){0,e)VluUx)y £ Mx)i!{T x/e+e u)fil(dx)+ 
|E / (^)(0,e)V^?( a ;)^(x)[V^^(r :E/ ^) M |(dx) = 



2 



We note that due to (|5.8p all terms but the third one in the l.h.s. are negligible as e J 
along the subsequence satisfying (|5. 13|) and (|5.14p . Hence, by definition of weak two-scale 
limit and the trivial identity (I5.2ip . we conclude that 

V / dx / ^(dw)v / ^(0,e)v°(x,u;)99(x)V^ ) V'(w) = 0. 
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The above identity can be rewritten as 



£ / dx<p(x) I M^V(0,e)4==Vi w ^(o;) = 0. 

Due to the arbitrariness of the test functions tp, we get that for Lebesgue a. a. x € M. d it 
holds 

,0/ 



£ / ^) w (o, e )^Mv(^H = o. 

$&Jn \M0,e) 



e&B' 

By a separability argument, this implies that 9 X G Lg ol (M) for Lebesgue a. a. x G M d . 
Since we know that the form (15.260 belongs to L 2 ot (M), this concludes the proof of (|5.17[) . 

□ 

6. Proof of Theorem 12.41 
We start with a technical result, which could be proven in much more generality: 
Lemma 6.1. Fix wed,, Let h G C(R d ) satisfy 

l fc fr)l< l + [ l*fi ' VxeM d , (6.1) 

and suppose that 

L2 i^i) ^K^he L 2 (mdx) . (6.2) 

Then 

lim / \hl{x) - h{x)\ 2 n%(dx) = 0. (6.3) 
Proof. Trivially, it is enough to prove the following limits 

lim / h(x) 2 Hu(dx) = m / h(x) 2 dx, (6-4) 

JR<1 J 



lim / hlj(x)h(x)nlj(dx) = m / /i(x) dx , (6-5) 

lim / h^x) 2 ^(dx) = m / h(x) 2 dx. (6.6) 

Since /i € L 2 (fif ), the integrals in the l.h.s. of (16. 4|) and (|6.5[) are meaningful. Moreover, 
observe that for each i > one can find a function gi G C C (R ) such that /i(x) = <#(x) for 
any iel d with \x\ < £, and |^(x)| < c/(l + |x| d+1 ). 
In order to prove (|6.4p we observe that 



/ h(x) 2 ^{dx)-f g,{x) 2 ^(dx) ^2e d £ C < c(l) , (6.7) 



h(x) 2 mdx — / gt{x) 2 mdx 



x£eZ d : \x\>£ 

< 2 / ^-r—mdx < c(^) , (6i 



for a positive constant c(£) going to as i \ oo. The above estimates (|6.7p and (|6.8p . and 
the limit 

lim / g e (x) 2 ^(dx) = m gi{x) 2 dx 
(due to the definition of f2*) allow to derive (16. 4p by taking the limit I \ oo. 
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In order to prove (|6.5p we observe that 



h1{x)h(x)nl(dx) - / hl{x)g(,{x)nl{dx) 



c 2 



l^lkll^-^lk <cH [ 2e d Yl 7 — -^77T2 ) ^<"W), (6.9) 



and 



h 2 (x)mdx — / h(x)ge(x)mdx ^ 2|| /i||oo / ; — -r—rrndx ^ c(£) , 

jR d y{a:eK<*:|x|>*} 1 + Fn + 

(6.10) 

for a positive constant c(f) going to as I \ oo. Since /i^ — > h and ^ G C c (M d ) we can 
conclude that 



lim / h e J {x)g l (x)ix e J (dx) = m / h(x)g l {x)dx . 

The above limit together with (|6.9p and (|6.10p implies (16.50 . 

Finally we observe that (16. 6p follows by applying (I2,14p in the definition of strong 
convergence with test functions (p £ := h^, (p := h. 

□ 

We have now all the main tools in order to prove Theorem 12.41 We take w £ fi,, 
define vP, v® as in Lemma 15.41 and assume that f^. We want to prove that it solves 

equation flOg) and that (|2~2"U|) holds. 

First we observe that the weak two-scale convergence (|5.13|) implies the weak conver- 
gence 

L 2 {vi) 3 u% ->■ u° G L 2 (mdx) (6.11) 
as e [ along the subsequence of Lemma 15.41 Taking the inner product of (|2.18|) with a 
test function tp E C£°(R ) and using (|5.6|) . we get the identity 

A / u e u {x)^{x)nl{dx) + ! T x/E uj(0,e)V £ e u(x)Vl<p(x)fj,l(dx) = 



mxMx)fil(dx) . (6.12) 



By taking the limit e [ (along the subsequence of Lemma l5.4p and then dividing by m, 
from the trivial identity ()5.2ip , the limit (|5.14p in Lemma 15.41 the limit (16. lip and the 
hypothesis L 2 (//5) 9 /5 - 1 / £ L 2 (mdx) we get 

A / u°(x)ip(x)dx H — — A dxd e (p(x) [ fi(duj')\/uj'(0,e)v^(x,uj') = 

/ f(x)<p(x)dx . (6.13) 

The second member in (I6.13P can be rewritten as 

-!- V / dxd e <p(x) ! ix{dw') [u/(0, e)O x (u/, e)-u/(0, -e)9 x (u', -e)l . (6.14) 
^ m „7"£ JiR [i ./fi 
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Due to Lemma 15.41 u° G H 1 (M d , dx). Given x G M. d we consider the gradients 
C(x) := V<p(x) = {d e v(x)) eeBt , £(x) := Vu\x) = (d e u° (x)) ^ 

(the definition is well posed for Lebesgue a. a. x G ~R d , since vP G H 1 (W d , dx)). Due to 
Lemma EH we know that for Lebesgue a. a. x G M rf the form 6 X defined in (15. 15f) coincides 
with the form irw^ (recall definition KW\ ). Therefore, due to (^20|) . (|43T1) and (pL"2Tj) . 
we can rewrite (I6.14D as 

±( w ^\ttw^) lHm) = ±(C(x),D^(x)) = (C(x),Vax)) = {V<p(x),VVu°(x)) . 

(6.15) 

In conclusion, ()6.13p reads 

A / u°(x)ip(x)dx+ (Vu°(x),VVip(x))dx = f(x)(p(x)dx. (6.16) 



Hence, the function u° of Lemma 15.41 is the solution of equation (I2.19|) . which is unique 
(in particular u° does not depend from uj G f2#). Due to Lemma [5721 it is simple to verify- 
that for each sequence { one can extract a sub-subsequence Sk n satisfying Lemma 
15.41 Hence, by the previous results, we conclude that for each sequence [ one can 
extract a sub-subsequence such that 

L 2 (^ k ") 3 ul kn -n°G L 2 {mdx) , 

thus implying that the functions G L 2 (p^) weakly converge to u° G L 2 (mdx). This 
concludes the proof of point (i). 

In order to prove the strong convergence of u e w G L 2 (/i^) to u° G L 2 (mdx) in point 
(ii) one can proceed as in [ZPJ [Proof of Theorem 6.1]. We give the proof for the reader's 
convenience. Due to Lemma 12.31 we only need to prove that 

lim / it*(x) 2 /4(da0 = ml u°(x) 2 dx. (6.17) 

To this aim, we define as the solution in L 2 (^) of the equation 

As already proven, L 2 (^,) 9 ^ ^ «° G L 2 {mdx). Hence, by applying point (i) of 
Theorem 12^41 we can conclude that 



L 2 (n £ w )3v £ ^^v(£L 2 (mdx), (6.19) 

where v G L 2 (mdx) solves the equation 

Xv - V ■ (VVv) = u° . (6.20) 

By taking the inner product of (12.180 with and then subtracting the identity obtained 
by taking the inner product of (I6.18P with 11%, one obtains that 

= «,<)&,■ (6-21) 

Similarly, by taking the inner product of (|2.19|) with v and then subtracting the identity 
obtained by taking the inner product of (|6.20p with u° one obtains that 

v(x)f{x)dx= / u°(x) 2 dx. (6.22) 
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Since by assumption L 2 (/x^) 3 f% — > f G L 2 (mdx), from (16.190 and the definition of strong 
convergence we derive that 

lim / v^ J (x)f^(x)fi £ UJ (dx) = m v(x)f(x)dx. (6.23) 

Due to (|6.21|) and (|6.22p . the above limit is equivalent to (|6.17p . As already mentioned, 
this limit and Lemma 12.31 imply (I2.21|) . 

We finally prove point (iii). Let / G C c (M. d ) and define as the function / restricted 
on eC(uj). Then, due to (|2.17p . L 2 ^) 3 f% —> f G L 2 (mdx). Due to point (ii) proven 
above, we know that L 2 (/i^) 3 u% — ► ir G L 2 (mdx). Since the function u° solves (12.191) 
with / G C c (R d ), u° is continuous and decays fast at infinity (see Exercise 3.13 in Section 
III. 3 of [RWJ). In order to conclude it is enough to apply Lemma 16.11 

7. Proof of Corollary 12.51 

Due to a generalization of the Trotter-Kato Theorem [ZP] [Theorem 9.2], [P] [Theorem 
1.4], Theorem 12.41 (ii) implies for each oj G f2* that 

L\^) 9 PlJl - Ptf G L 2 (mdx) , (7.1) 

whenever L 2 (^) B — » / G L 2 (mdx). Since, it holds L 2 (//^) 3 / — ► / G L 2 (mdx) for 
each / G C c (IR d ) and each cj G 0*, (|7.ip is verified by setting f£ := f. This fact and 
Lemma 16. II allow to derive (|2.24|) . 

In order to conclude we only need to derive (|2.25|) from (|2.24|) . To this aim, let := 
[-£, £} d , I > 0. We claim that, for any uj G 0*, given any / G C c (R d ) it holds 



lim/ PtJ{x)^{dx)= / P t f(x)mdx. (7.2) 



Without loss of generality we can assume that / ^ 0. 
Since 

P[X{te- 2 \x) =z]= P[X{te~ 2 \z) = x] Vi > 0, Vx, z G C(w) , 
we can write 



~ 2 \x) 



[ PtJ{x)^{dx) = e d £ E f( £Z ) P (X(t£- 

X&C{ul) «£C(£JJ 

e " E E /MWte" 2 |*)=*)=e d E f{ez)^m I J{z)dz. (7.3) 

The above limit and the identity L d Ptf(z)dz = J Rd f(z)dz, following from the symmetry 
of Pt, implies (|7.2p with A£ replaced by M. d . Therefore, in order to prove (I7.2|) it is enough 
to show that 

lim/ P t £ J(x)^(dx)= f P t f(x)mdx. (7.4) 
To this aim we apply Schwarz inequality and obtain the bounds 

/ PtJ{x)^{dx)-( P t f{x)^{dx) < / \PlJ{x)-P t f{x)\^{dx) 
J A t J A t J At 

^^{K t ) l ' 2 ^j^\PlJ{x)-P t f{x)\ 2 ^{dx)y . (7.5) 
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Since by (I2.16|) ^(Ag) — > m(2£) d for each w G O*, the above upper bound and (I2.24|) 
imply that the first member in (17. 5p goes to as e j for each u G To conclude the 
proof of (|7.4p it is enough to observe that for each uj G 17* the integral J* A Ptf(x)/if J (dx) 
converges to m J A( Ptf(x)dx since P</ is a regular function fast decaying to infinity (the 
proof follows the same arguments used in order to check (16. 4p ). This concludes the proof 
of CLZp . 

Let us come back to (|2.25|) . For each £ > we can bound 
/ \PU(x)-Ptf(x)K(dx)^ 

[ \PlJ{x)-P t f{x)\ l it{dx)+ [ PtJ{x)^{dx)+ f P t f(x)^{dx)^ 
J A e J A c t JA c e 

/4(A*) 1/2 (7 \PiJ(x)-Ptf(x)\ 2 ^{dx)\ 112 + [ P° f(x)if u (dx) + / P t f(x)^(dx). 
\JA e J JA c e JA c e 

(7.6) 

Due H2.24H and (|7.2jl , by taking e j we get that for each u; G 12* 

limsup ( \PfJ{x) - P t f{x)\^{dx) ^ 2m [ P t f(x)dx . 
ej.0 JR d JA1 

By the arbitrariness of £ in the above estimate one derives f|2.25j) . 



Appendix A. Proof of Lemma 12.11 

Let us suppose that oj c , c > 0, stochastically dominates a supercritical Bernoulli bond 
percolation and prove that hypotheses (H2) and (H3) are satisfied. We call P the law of 
uj c on {0, l} Ed . Due to Strassen Theorem, there exists a probability measure V on the 
product space X := {0,l} Ed x {0, l} Ed such that (i) oj^b) ^ 03(b) for each b G E d , for 
V almost all (wi,^) G X, (ii) the marginal law of u\ is P and (iii) the marginal law of 
u>2 is a Bernoulli bond percolation with supercritical parameter p > p c . It is well known 
(see |G]) that 0J2 has a.s. a unique infinite cluster whose complement has only connected 
components of finite cardinality. This implies the same property for the random field u>i, 
thus assuring that the random field uj fulfills hypothesis (H2). 

Let us now consider hypothesis (H3). We recall the variational characterization of T>: 

(a,Va) = - inf J V I u{0, e)(o e + ^{t £ uj) - ^(uj)f\ eeC{u)) Q(duj) \ . (A.l) 

Since oj(0, e) ^ cw c (0, e), we obtain that 

(a,Va)^- inf J V f uj c (0, e)(a e + ^{t £ uj) - ifj(oj))\ eeC ^ c) Q(duj) \ , (A.2) 

where now C(cj c ) denotes the unique infinite cluster of Cj c (due to the previous observations, 
the definition is well posed a.s.). Given ip G B(£l) we can write if) = f+g where / = EfylJ 7 ) 
and g = ip— E(-0| J 7 ), E being the expectation w.r.t. Q and J 7 being the cr-algebra generated 



20 



ALESSANDRA FAGGIONATO 



by the random variables w c (6), b € E rf . Since E(^|JF) = 0, it is simple to check that 
u) e (0, e)(o e + ^(r e a;) - ^(w)) 2 Io, eG c(i c )Q(^) = 

w c (0,e){[a e + f( Te u) - f{u)} 2 + \g(r e u>) - g{uj)} 2 }\ eeC{c , c) <^{dw) . (A.3) 



n 



This shows that the infimum in the r.h.s. of (1A.2|) is realized by ^"-measurable functions. 
Therefore, 



(s> c )Q(<M 



r.h.s. of (Q) = - mf J V / w c (0, e)(o e + ^ r e u - ^ oj V 

~ in f s ^ Yl / ^i(0,e)(a e + ^(r e a;i) - e6C(wi) :P(da;i, dw 2 ) f > 

~~~ in A ^ / ^i(0,e)(a e +'0(t< 



(wi,^)) - V(^i,w 2 )) lo.eec^o'P^i)^) > • (A.4) 



Above we have used that the law u> c and the marginal law of ui\ coincide. Moreover, we 
recall that B(-) denotes the space of bounded Borel functions on the given topological 
space. 

A this point, since (Ji(0,e) w 2 (0, e) and Io,eeC(u;i) ^ \,eeC{u 2 ) 'P~ a -S-, we can obtain 
another lower bound by substituting in the last expectation u>i(0, e) and C{uji) with w 2 (0, e) 
and C(u; 2 ) respectively. By taking the conditional expectation w.r.t. to the cr-algebra 
generated by w 2 arid using the same arguments as above, we derive that the last expression 
in (|A.4p is bounded from below by 




~ inf WW ^ 2 (0,e)(a e +i){T e uj 2 ) - ip(ui 2 )) h,eeC(uK)'P(duudv2) 
m tpe.B(xy. ' / —* • 



m^GB({0,l} E d) \~i J{0,l} E d 



mf iF jE /, u;(0,e)(a e + i;(r e u;)-^(u;))\ e€eH F p (du;)\ , (A.5) 



where P p is the Bernoulli bond percolation with parameter p > p c . In order to prove 
that the diffusion matrix T> is positive defined, we only need to show that the r.h.s. of 
(|A.5p is positive for a / 0. We point out that, apart multiplicative factors, the last 
infimum in (|A.5p equals (a,D p a), D p being the diffusion matrix of the simple random 
walk on the supercritical infinite cluster. One only needs to prove the positivity of D p . 
This result has been proven in [DFGWJ [pages 828-838] in any dimension for p > 1/2 
(see in particular Remark 4.16 in [DFGWjfpage 837]). There the authors are able to 
bound from below the diffusion matrix by means of the effective conductivities of suitable 
resistor networks (this reduction works without any restriction on p). The positivity of the 
effective conductivities is then derived by applying percolation results originally proven 
for p > 1/2. These results have been improved (see[GM] [page 454] and references therein) 
and the improvement allows to extend the positive bound on the effective conductivities 
to all p > p c . Other derivations of the positivity of D p can be found in [SS| . [BBj and 
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If uj is a Bernoulli bond percolation with parameter p > p c , then for each c > the 
random field ui c is a Bernoulli bond percolation with parameter p(c) such that lim c io p(c) = 
p. Hence, taking c > small enough, we obtain that hypotheses (H2) and (H3) are 
satisfied. 

The last statement regarding the cases of T> diagonal or multiple of the identity can be 
proved by the same arguments used in the proof of Theorem 4.6 (iii) in [DFGWJ . 
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